Abstract. An analytical expression of the diffuse scattering intensity due to short-range order in quasicrystals is derived. The intensity is calculated on the basis of higherdimensional cluster models and correlation functions between statistically occupied sites. This expression is applied to the phason flip disordering in the Penrose pattern. The analytical and numerical calculations show quite similar diffuse scattering intensity distribution, suggesting the validity of the derived formula.
Introduction
Scattering intensity of X-ray in materials can be classified into two terms: the Bragg reflection and diffuse scattering intensities. The former and the latter are related with the average structure and the fluctuation from it, respectively. In quasicrystals, the first one can be calculated by using a higher-dimensional description of quasicrystals [11] . In this paper, only the second term will be discussed.
It is known that there are several kinds of diffuse scattering coming from different origins. In crystals, the thermal diffuse scattering (TDS) and the Huang diffuse scattering (HDS) are well known. They are caused by the thermal excitation of phonons and the distortion due to the inclusion of some kind of defects. In addition to these two, the phason diffuse scattering (PDS) exists in quasicrystals. They all can be explained by hydrodynamical theories, in which a microscopic structure of crystals or quasicrystals is not taken into account. These diffuse scattering intensities can be explained only by some macroscopic constants, like phonon or phason elastic constants. [6, 8, 5 ] Their characteristic feature is that the intensity decays as jDqj À2 , where Dq is the vector in the reciprocal space from the nearest Bragg reflection position.
In contrast, the short-range order (SRO) diffuse scattering intensity appears in almost everywhere in the reciprocal space and its distribution depends on a microscopic structure. The theory of SRO diffuse scattering [1] is extensively applied to the diffraction patterns in alloys or other materials [10] . The SRO diffuse scattering is also observed in quasicrystals [3, 4] . Its detailed analysis has however not been performed so far, since the classical theory assumes an existence of periodicity in an average structure and quasicrystals have no such periodicity.
Recently, the diffuse scattering around the Bragg reflections of the S1 phase [2] of decagonal Al--Ni--Co (d-Al--Ni--Co) quasicrystals has been analyzed based on the theories of TDS and PDS. The analysis showed that the long-range correlation larger than 60 A is explained by TDS and PDS. On the other hand, the broad streak connecting Bragg peaks [7] , which are also observed in this phase, may be related with some kind of SRO. In order to analyze the SRO diffuse scattering, we need to know an atomic arrangement in the average structure, which are obtained from the structure analysis.
The essential point of the theory of SRO diffuse scattering intensity is that the correlation of the fluctuation of the atomic scattering factor decreases rapidly with distance. In quasicrystals, the frequency of atom pairs with short interatomic distances can be calculated by an nD description. Under some probable assumptions, the SRO diffuse scattering intensity is proportional to the frequency of such pairs and difference vectors connecting a pair of atoms. A higherdimensional cluster model assumes that atom clusters (building units) are the same everywhere independent of the difference in the cluster environment. Then the atoms in a cluster have the same short-range local environment. As a result, we can treat the occupation domains generating these atom positions just like the independent atoms in conventional crystals [11] . An essential difference between a crystal and a quasicrystal is that in the former, the number of equivalent atoms is determined only by its site symmetry. On the other hand, in the latter, it depends also on the volume (area) of occupation domains (ODs). A higher-dimensional analysis of quasicrystals determines the shape, size and location of such ODs. This enables us to calculate the number of atom pairs with a specified distance. Therefore the diffuse scattering intensity can be calculated from the higher-dimensional description of quasicrystals.
Short-range-order diffuse scattering in quasicrystals
In the kinematical theory of X-ray scattering, the scattering intensity in quasicrystals can be calculated by a gener-al formula [10] . This formula gives both Bragg reflection and diffuse scattering intensities. We can treat these two contributions separately. It is well known that the first one can be calculated by an nD model of quasicrystals as mentioned before. This description is also efficient for the calculation of the diffuse scattering intensity as shown below.
We consider a simple case, where one atom site is occupied by m atom species and neglect the size effect, that is, the deviation of atom positions from their average positions. We assume that the correlation between atoms decreases rapidly with interatomic distance. Provided that the atoms generated by each small OD have a similar local environment, the correlation between the atoms generated by the i-th and j-th small ODs is similar. We assume the same correlation between them.
Let the position of the i-th OD in the l-th unit cell of nD space be x il . The external and internal components of x il are denoted as x e il and x i il by the superscripts e and i [11] . As is well known, the number of pairs of such atoms is proportional to the overlapped area (volume), v ij ðDx i ijl Þ, of the i-th and j-th ODs located at x i0 and x jl when they are projected onto the internal space and it is given by Vv ij ðDx i ijl Þ=W n , where Dx ijl ¼ x i0 À x jl , V is the volume of the quasicrystal (in the external space) while W n denotes the unit cell volume of an nD lattice. (Note that v ij ðDx i ijl Þ=W n gives the number of atom pairs in the unit volume in the external space.) Then the diffuse scattering intensity is given in terms of the atomic scattering factor of the i-th site f i ðqÞ at the diffraction vector q in the (3D) reciprocal space by
where Df i ¼ f i ðqÞ À hf i ðqÞi, (h i mean the statistical average over the quasicrystal) and the asterisk stands for the complex conjugate. In the following we simply write f i ðqÞ and h f i ðqÞi as f i and hf i i.
We introduce the fluctuation of the atomic scattering factor of the m-th atom species (m-th atom hereafter) of the i-th OD from its average, which is written as Df 
In terms of this correlation function, Eq. (1) is rewritten as
where i and j run only ODs in the nD unit cell which are statistically occupied, since for the ODs which are fully occupied by a single atom species, the correlation function g It should be noted that the above expression is different formally from the corresponding formula in crystals only in the existence of v ij ðDx i ijl Þ, except that Dx e ijl is a projection of a vector in nD space onto the external space. Thus if we know v ij ðDx i ijl Þ, we can calculate the diffuse scattering intensity due to SRO occurring in quasicrystals.
Application to the phason flips in the Penrose patterns
The diffuse scattering intensity can directly be calculated by numerical calculations [9] . For a given atom arrangement, its Fourier amplitude at the diffraction vector q can be obtained by a numerical Fourier transformation. Using the Fourier amplitude FðqÞ of a given atom distribution, the total scattering intensity is given by jFðqÞj 2 (except for the scaling factor). This however includes so called Bragg reflection intensity, which is usually much stronger than the diffuse scattering intensity. As mentioned in the previous section, the fluctuation of the atom positions is neglected. Then the contribution to the Bragg scattering can be removed by using the fluctuation of the occupation probability for each atom site instead of the occupation probability itself.
In this section, we consider the simplest case, where the disordered sites are located at the vertices which are related with the phason flip of the Penrose pattern. In addition, we place a point atom in these sites or vacancy. Then f i is independent of the diffraction vector q. In this case, each disordered site is occupied by an atom with the occupation probability of 1 = 2 . Figure 1 shows the independent ODs which generate all the atom sites in the disordered Penrose pattern. The ODs 1-4 generate the Penrose pattern, while the ODs 1, 2, 5 and 6 generate another ordered pattern consisting of the same acute and obtuse rhombi. The vertices generated by the ODs 1 and 2 form the framework in Fig. 2(a) . On the other hand, two atom positions in each hexagon are generated by ODs 3 and 4 or ODs 5 and 6. In the disordered structure, one of the two positions in the hexagons is occupied by an atom. The selection of the occupied position is chosen randomly. Therefore the average occupation probabilities of the ODs 3-6 are all 1 = 2 . In this case, we have a correlation only in the two sites within the hexagons. Provided that m ¼ 1 and 2 denote an atom and a vacancy, we have
¼ 3; 4; 5; 6Þ for occupied and z
The analytical calculation of the diffuse scattering intensity uses Eqs. (2) and (3). In Eq. (3), f 2 is zero, so that only g 11 ij ðDx ijl Þ is relevant for the diffuse scattering intensity. From Eq. (2) and the correlation mentioned above, the non-zero correlation functions are given by g e , x 1 ¼ ðÀ1; 4; 4; À1Þ e =5 and x 2 ¼ ð4; À1; À1; 4Þ e =5 and R runs the symmetry operations in the point group generated by a 5-fold rotation operation. On the other hand, from the ODs in Fig. 1 Fig. 2(b) .
In order to remove the contribution of the Bragg reflection in the numerical calculation, we can use
, which takes 1 = 2 and À 1 = 2 for occupied and unoccupied sites, instead of f i ¼ 1 and f i ¼ 0 as mentioned previously. The calculated diffuse scattering intensity distribution showed strong high frequency noize, since no ensemble average was taken into account in contrast to the analytical one. This noize was removed by the Fourier filter. The pattern calculated in this way is shown in Fig. 2(c) .
It is clear that Figs. 2(b) and 2(c) show similar intensity distributions although the latter has asymmetry owing to the small system size used. (The total number of atoms included in the Fourier amplitude calculations is about 7000, in which about 1800 phason flip sites are used.) The calculated intensity distributions are independent of an edge length of the Penrose pattern, since a point atom is assumed. It should be, however, noted that if we consider a case with an edge length of about 2.5 A, the calculated range ('6.8 A À1 in radius) is much larger than an observable range in an X-ray scattering experiment with a conventional wave length (' 1 A).
We considered the simplest case where the phason flip occures only once from the Penrose pattern. This leads to an extremely simple short-range correlation function mentioned above. In more realistic cases, the successive phason flips will occure, leading to a complicated correlation function with long-range correlation length. (See for example [9] .) The analytical formula is applicable to such a case, provided that the Bragg peaks exist but such an application is out of the scope of this paper. 
